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ZEROS OF THE SUCCESSIVE DERIVATIVES
OF HADAMARD GAP SERIES

ROBERT M. GETHNER

ABSTRACT. A complex number z is in the final set of an analytic function f,
as defined by Pélya, if every neighborhood of z contains zeros of infinitely
many f . If f isa Hadamard gap series, then the part of the final set in the
open disk of convergence is the origin along with a union of concentric circles.

1. INTRODUCTION

A complex number z is in the final set A(f) of an analytic function f if
every neighborhood of z contains zeros of infinitely many f(*) . Final sets of
various functions have been determined by Poélya [4, 5] (who introduced the
notion) and others (see [2] for references). A power series

(L.1) f2) =Y az™,
k=0

with ¢, # 0 for all k, has Hadamard gaps if there exists L > 1 such that
(1.2) Nis1/Nie > L forall k >0.

Theorem 1. Let f be a function whose Maclaurin series has Hadamard gaps
and (finite or infinite) radius of convergence R. Then A(f)N{|z| < R} =
{0}u{z: |z| € E}, where E is closed in the topology of (0, R).

Theorem 1 is best possible in the following sense.

Theorem 2. Let R bein (0, oo}, and let E be closed in the topology of (0, R).
Then there exists a Hadamard gap series f with radius of convergence R such
that A(f)n{|z| < R} ={0}u{|z]: z € E}.

I am grateful to L. R. Sons and W. H. J. Fuchs for advice and encouragement.

2. PROOF OF THEOREM 1

The proof of Theorem 1 depends on two lemmas, which I will prove in §§3
and 4, respectively, concerning functions # of the form

(e o)
(2.1) h(z) =) apz™.
k=0
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Fix such an 4 and denote by R the radius of convergence of the series. Set
(2.2) u(r) = max{|ai|r": k > 0}, v(r) = max{k: |ag|r™ = u(r)}.

(This notation is not standard; see [6, p. 3].) Finally, call a number r in (0, R)
h-dominant if

v(r)—1 0o
(2.3) Yo dadr+ > lalr < u(r),
k=0 k=v(r)+1

where the first sum is taken to be zero if v(r) =0.

The first lemma is an adaptation of [3, Theorem 6, p. 605]. Denote by
Z(s,t, 0,,6,) the number of zeros (counting multiplicity) of 4 in the set
{re?:s<r<tand 6, <0<6,}.

Lemma 1. Let h have the form (2.1) (not necessarily with Hadamard gaps), and
let R, u(r), and v(r) be as above. If s and t are h-dominant, if s <t, and
if0<6,—0,<2n, then

6, -6,
2n

Lemma 2. Let h and R be as in Lemma 1, and suppose that there exists L > 1
such that ni, /n, > L forall k > 0. Suppose also that

Z(s,t, 01, 02) — (n,) — ny) <v(t)+2.

(2.4) np > max{9, exp[/(log6)(log L)]}.
Define
(2.5) 7= 54e7%/(log L)(1 — 1/L)(1 - L™'/3),

Then there is at least one h-dominant point in each interval (C, D) c (0, R)
such that
(2.6) log(D/C) > t/ny”.
Proof of Theorem 1. 0 € A(f) by (1.2).
Define hj, a; = ar(j), and n, = ni(j) by

(2.7 hi(z) =2/ fU(z) = iakz"k.
k=0

Then by (1.2),
(2.8) (@ ngp/me>L>1, (b) no > .

Define a set E C (0, R) as follows: r* € E if there exist an infinite set T
of positive integers and a sequence {r;}jcr such that
(2.9) (a lim ri=r", (b) no r; is h;-dominant.
Jj—oo, jET
I will show that if r* € E then {|z| = r*} C A(f), whereas if r* ¢ E then
{lz]| = r*} N A(f) is empty.
Case 1. r* € E. Choose {r;} as above and define v by (2.5). By (2.8b)

and (2.9a), r; exp{21/n3/3} < R for all large j in T. Pick such a j >

max{9, exp[/(log6)(log L)]} . By Lemma 2, there are h;-dominant points s =

s() in (ryexp{-2t/ny/’}, r;) and ¢ =1(j) in (r;, ryexp{2e/ny*}).
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Then
(2.10) v(s, hj) <v(t, hj).
For suppose that v(s) = v(t) = p, and set

w(r) = |a r”p (Z |ak|'k + Z nz|ak|rnk).

k=p+1

Then y(s) <1 and y(f) <1 by (2.3). Hence y(rj) <1 since y is convex [7,
p. 172]. Thus r; is h;-dominant, contrary to the definition of r;. This proves
(2.10).

Put
Uj(6y, 62) = {re®: r; exp{—2‘t/n(l)/3} <r<r; exp{2‘t/n(1,/3 and 0, < 0 < 6,}.
I will show that, if j is sufficiently large, then
(2.11) .
hj has at least one zero in U;(6,, 6,) whenever 6, — 6, > 6aL~/ /(1 - L").
For xL=* | for large x, so that, when j < k, (2. 8) and (2.10) give k/n; <
kL=%/j < L=/ and (n, = Nye)/My > 1= L~ wO-vl > 1 — L-1; thus, by
Lemma 1, the number of zeros in U; (01 , 0>) 1is at least

6, - 6,
Z(s,t,0,,6)> (nu(t)_nu(s)T_V(t)_z

_ 6, -6
> (1= L™ Yn, 22;; L _3u(1)

> 3n, L™ = 3v(t) > 3v(t) - 3v(t) =0

which establishes (2.11).

Now by (2.9a) and (2.8b), r; exp{—2‘t/n(1)/3} —r* and r; exp{21/n6/3} —r*
as j — oo in T. Thus (2.11) implies that every point of {|z| = r*} is a limit
point of zeros of {h;}jer, so that, by (2.7), {|z|=r } Cc A(f).

CaseIl. r* ¢ E. For all large j and small €, r is hj-dominant for r in

=(rr—e,r*+e¢). So by (2.3),

v(r,hj)—1 )
i) = ur, b)) = > el = > lalr™* >0
k=0 k=v(r,h;)+1

whenever |z| =r € I. This completes the proof of Theorem 1.

3. PROOF OF LEMMA 1

We need two more lemmas. The first is a variation on [6, Problem 66, p. 45];
the second is an adaptation of [3, Lemma 7]. Let D denote differentiation.

Lemma3. Let J = (a, b) C R*, let g: J — C be differentiable, and let o € Z* .
If Im{g} changes sign at least twice in J, then Im{(rD — a)g} changes sign
there at least once.

Proof. For real r,
a+l d —a a+l d —-a
tm{(rD - a)g(r)} = I { o+ S r==g(r)1} = o1 L~ Im{ g1,

and the lemma follows from Rolle’s Theorem.
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For a function H analytic on a contour C, denote by A(H, C) the variation
over C of any continuous branch of argH .

Lemma 4. Let h have the form (2.1) with radius of convergence R, let [s, 1] C
(0, R), and suppose that t is h-dominant. Set I =1(0) = {re’:s<r<t}. If
h#0 on I, then |A(h,I)| < w[v(t)+1].

Proof. We may assume that 6 = 0. Set ¢ = v(t). Choose ¢ so that e'®a, is
positive imaginary, and put

(3.1) H(r) = e"™(rD — ng)(rD — ny)--- (rD — ng_y)h(r) = Ebkr”"

k=n,
where
(32) bk = (nk — nO)(nk - n1) ce (nk - nq_l)ei¢ak.

I claim that Im{H} does not change sign in (s, ¢). If the claim is correct, then
q applications of Lemma 3 show that Im{4} changes sign at most g times in
(s, t), so that the curve h(I) crosses the real axis at most g times. Therefore
|A(h, I)| < n(q + 1), and the lemma follows.

To prove the claim, pick r in (s, ¢) and set

w(r) = ﬁ ( )y |bk|r"*)

k=ng.1

We have |by| < nf|ax| and |b,| > |a,| by (3.2). Thus, since ¢ is h-dominant
and g =v(t), (2.3) gives

1 S q ny 1 - v(t) n
w(t) < AT (kz nglag|t™ | = o) S mOlaglem | < 1.

=Ng+1 k=n, (41

Now y increases, so, by (3.1),
[ o]
|H(r) = bgr™| < Y |belr™ = w(r)|bg|r™ < |by|r™.
k=q+1

But our choice of ¢ makes b,r" positive imaginary, so that H(r) is in the
upper half-plane. This establishes the claim and Lemma 4.

PropfofLemma 1. Let ' = [UC,ULUC,, where I} = {re’®':s<r<t}, L=
{re:s<r<t}, Cs={se:0, <0< 6},and C, = {te’: 0, <0< 6,}.
Also put P(z) = ay;z™ and Q(z) = a,z™o .
First assume that 2 # 0 on I". Then
A(h,T)-A(P, C5) - A(Q, C)
=A(h/P, C)+A(h/Q, C) + Ak, I) + A(h, Ip).
Also, (2.3) gives |h(z)/P(z) — 1| < 1, and hence Re{k(z)/P(z)} > 0, for

z € Cs. So |A(h/P, Cs)| < m. Similarly, |A(h/Q, C;)| < n. Thus, by (3.3)
and Lemma 4,

(3.3)

(3.4) |A(k, T) = (ny () — 1y(9))(62 — 61)| < 27 + 27w (1) + 1],




ZEROS OF THE SUCCESSIVE DERIVATIVES OF HADAMARD GAP SERIES 803

and Lemma 1 follows from the argument principle. If # has zeros on I', apply
(3.4) to a nearby contour I"" on which ##0 andlet I" - T.

4. PROOF OF LEMMA 2

Lemma 5. Let h, R, and L be as in Lemma 2, and let (2.4) hold. Pick m >0
and [A, B] C (0, R), and suppose that

(4.1 |ak|s™ < |am|s"™ forallk >0 and s in[A, B]
and

B 6 (log nm)?
(4.2) log 2> G DI =1/D) nm

Then there exists r in (A, B) such that (2.3) holds with v(r) =
Proof of Lemma 2. For each m > 0, set I, = {r > 0: |ap|r™ = u(r, h)}.
Denote by (4, B) the interior of I,,N(C, D). If (4, B) has no h-dominant
points, then (4.2) must fail. Therefore, since | I,, = R*,

D [e. <]
¢ Jo x  =Jne,p X
(4.3)

6 = (lognp,)?
= TogL)(1 - 1/D) 2 Z ‘

Now (logx)/x'/3 < 3/e for x > 0; also, ny> > (L™ng)'/? by (2.8a). Thus
(108 7m)2 /1 < 9¢=21213 1 < 9e=2(L™ng)~1/3 . So by (4.3) and (2.5),

log = b 1 6 z L~ =

C = ‘/3 (logL)(1—1/L) 2 1/3

But this contradicts (2.6), and the proof is complete.
Proof of Lemma 5. Set

(4.4) o = exp{(log nm,)?/(nmlog L)}.
Then

(4.5) o>1,

(4.6) ng <g" forallk>m,

(4.7) (a) ZJ"M{O-(A/B)I/Z}(I—l/L)"m < %’ (b) a(A/B)‘/2 <1

Proof of (4.6). By (2.8a) and (2.4), k < (logny)/(logL). Also, (logx)?/x de-
creases for x > e2. Hence, by (4.4),

(logny)? _ (lognmy)? ny

< < =
mlogn; < klogn; < Tog L n, logL

< Uognm)® my_
- n, logL

= n; logo.
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Proof of (4.7). By (4.2) and (4.4), (4/B)(1-1/Dmm/2 < g=3mm By (2.4), g"n >
o™ > 6. Therefore

{G(A/B)I/Z}(I—I/L)n,,, < o.(l—l/L)n,,,—3n,,. < g~ "mg=hm < 0'_"”'/6.

This yields (4.7a), and (b) follows from (a) and (4.5).
We are now ready to prove (2.3) with v(r) = m and

(4.8) r=(AB)'2.
When k > m + 1, (2.8a) implies that
k k
49) m—nm= 3 (my-m))2 3 (L= Doy 2 (L= 1nm(k — m),
y=m+1 y=m+1

By (4.6), (4.1) with s = B, and (4.8), and by (4.9), (which we may apply
because of (4.7b)),

ni|ai|r™ < |am|B"™{a(4/B)"*}"

< |am|r"o"{o(A/B)"/*YE"Dny(k — m).

Next, if 0 < k <m — 1, then (2.8a) gives
N S Moy = Ny — (M — A1) < R — (1 = 1/L)np,.

Thus, by (4.1) with s = 4 and (4.8),
(4.11) |ai|r™ < |am|A™{(B/A)}'/*}™ < |am|r*{(4/B)'/2}(1=1/E0mm,
We have m < n,, < ¢" from (2.4) and (4.6). Also, L—1>1-1/L by (2.8a).
Thus (4.11), (4.10), (4.5), and (4.7a) give

(4.10)

m—1 oo
3 a4 D nplaglr
k=0 k=m+1

<|a |r”m m _4 1/2 (1=1/L)nm \ g [a(A/B)'/Z](l"l/L)""'
" B 1 —[a(A/B)'/2)(1=1/L)nm
[20""][o(A4/B)"/2](1=1/L)nm 1/3

< Nm Nm
< |am|r { 1 —[0(A4/B)!/2)0-1/L)nn } < lam|r 1-1/6
This yields (2.3) and completes the proof of Lemma 5.

< |am|r*=.

5. PROOF OF THEOREM 2
The following construction is similar to that in [1].

Proof of Theorem 2. Pick positive sequences {rp}3>,, {Rp}%r,, and {ep}3,
so that

(a) the set of limit points of {rp} in (0, R) is E,

(b) rpe’? < Rp <R,

G- © e 0,
(d) Rp—R.
Choose a function y: Z* — R* such that
(5.2) [w(x)]Y* | 1/R as x — oo.

Define f by (1.1), where {c,} and {N,} are defined inductively as follows.
Set

(5.3) @ No=3, (b) c_=1.
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Having chosen ¢c_y, ..., c;p—1 >0 and Ny, ..., Nop, pick cop, Cops1, Napyt
and N;p,, as follows. Using (5.2) and (5.1b), pick N,p,; large enough so that

(5.4) (@) Napyi/Nop>2, (b) Ny > (e=er/2)Nepni=Nor |

(5.5) Nopii1og{[y(Nops1)]/M*+1 Rp} < —210g3,

and

(5.6) (W (Napsr)] Mrappytara Nar b )1V,

Set

(5.7) (a) Cpy] = W(N2P+l) R (b) Cp = C2P+lrg2P+l—N2P.

Finally, pick N,p,, large enough so that

log NV
(58) @) Napo/Napi1>2, (b)) 2N~ 222 Clog3,
2P+2

The function f just constructed satisfies
(5.9) eyt > cl/M forall P> 0and k > 2P + 1.

For odd k, (5.9) follows from (5.7a) and (5.2). If k = 2Q iseven, (5.9) follows
from (5.7) and (5.6) (both with P replaced by Q):

1N _ o 1/Nagit ), \Nygy1/Nogp—1 1/N2g_, 1/Napy
Cap = (Capy1 1) ™G <0y 1T S Cpp T

f has radius of convergence R by (5.7a), (5.2), and (5.9). By (1.1) and (5.8a),
0 € A(f). We need the following lemma, proved at the end of the paper, to
show that A(f)N{0<|z|<R}={z:|z| € E}.

Lemma 6. Let f be as above, and define ¢ by
(510)  fU(2)= > NN =1)-- (N = j+D)z%7 = 3 ¢u(2).

Ne>j Ne2j
If P>0, and if
(5.11) (@) j< Ny and (b) |z| < Rp,
then
(5.12) > 18ik(2)] < |97, 2p41(2)1/2.
k=2P+2

Proof that A(f)N{0 < |z| < R} C {z:|z| € E}. By (5.1), it is enough to
show that f()(z) # 0 whenever either

(5.13) JE(Np, Napyy] and 0<|z|<Rp

or

(5.14) j € (Nap—1,Nap] and z e {0<|z|<rpe~®}U{rpe®” <|z| < Rp}.
But if (5.13) holds, then (5.10) and (5.12) give

oo

SN 2 185,202 = D2 16(2)] 2 185,2p41(2)1/2 > 0.

k=2P+2
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If (5.14) holds, define
: Nop(Nap—1)---(Npp— j+ 1)
5.15 G(j, P) = - .
(3.13) U, P) Nopii(Napyr = 1)+ (Nopyr — j + 1)
Then G(j, P) > 1/Njp,, > N;7¥ , so that, by (5.4b),
(5.16) (e~e/2yNeri=Nor < G(j, P) < 1.
Also, by (5.10), (5.15), and (5.7b),
¢j ZP(Z) Cop ) NN ] (rp )N2P+I_N2P
s — G,PZ" 2w+l = (7 ’P — .
#j,2p+1(2)|  C2pn1 U, P)lz] U. P) ||

If rpe” < |z| < Rp, then |¢; 2p(2)/dj 2p41(2)] < (e7%7)Narai=Mor < 376 by
(5.17), (5.16), (5.4b), and (5.3). Hence, by (5.10) and (5.12),

If D) > ¢, 2p41(2) = Y 18jk(2)| = 16),2p(2)]
k=2P+2
> |pj,2p+1(2)| = |#),2p41(2)|/2 = |<l5j,21’+1(2)|/36 > 0.

Similarly, if 0 < |z| < rpe™%, then

|6j,2p(2)/$;,2p+1(2)| > (e57/2)Nepni=Nar > 33

If D) > 1b),20(2) = D |du(2)| = |8j,2p1(2)]
k=2P+2
> |¢;,2p(2)] — (%%) |#j,2p+1(2)] > 0.

Proof that {z:|z| € E} C A(f). Fix P and set

(5.17)

and

(5.18) r=[G2P, P)]V/Nerr1=Nap)pp
Then, by (5.16),
(5.19) r € (rpe™% , rp).

Set hj(z) = z/ fU)(z). For |z| =r, we have

62p,2p(2)| = |b2p,2p+1(2)| > Y |b2p,i(2)]

k=2P+2
by (5.18), (5.17), and (5.12). Thus, by (5.10) and (2.2),

u(r, hap) =12 ¢2p 2p(2)| = 122 2p 2p41(2)].
Therefore r violates the definition (2.3) of hyp-dominance. It now follows
from (5.19) and (5.1ca) that E is in the set of limit points of the points which
are not hyp-dominant. Thus {z: |z| € E} C A(f) by the paragraph containing
(2.9). This completes the proof of Theorem 2.

Proof of Lemma 6. Pick k > 2P + 2. By (5.9) and (5.7a),

c  _ loge N, - log C2p41

log Napyi

C2p+1 Ny Napii
5.20
(5-20) log ¥ (N2p,1)
N2P+l )

< (Nk — Napyi)
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Also, (logx)/x decreases for x > Np,; by (5.3a). Thus, by (5.8),
Nopas logNy _ Myt logh
Ne—=Napyy 1= Nppyy /N Ny
Napyi log Nopyr  log3
1/2 Nypia = Nopyy
By (5.10), (5.11), (5.20), (5.21), and (5.5),

(5.21)

log _Palz) < log—%— 4 Nyp,1log Ny + (Ni — Naps1) log Rp
®j.2p+1(2) C2p+1
log3
(5.22) < (Ni = Napy) [log({w(sz)}‘/Nv“Rp) + 28
Nopi1
—log3
< (N = Napy1) (N g )
2P+1

But (Ny — Napy1)/Napsy1 2> k—2P —1 by (5.4a), (5.8a), and (4.9) (with L =2,
N in place of n;,and m = 2P + 1). Thus (5.22) gives

i $i(z) | . i o—(og3)(k=2P—1) _ 3 l
My LIRS 1C) I-1/3 2
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